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Abstract
An integral representation for form-factors of exponential elds eia’ in
the sine-Gordon model is proposed.
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Recently [1], [2], expectation values for exponential elds in this Quantum Field Theory
(QFT) were proposed,





















2 sinh(2t) sinh(t) cosh
(
(1− 2)t
 − 2a2 e−2t  ; (2)
where M is the soliton mass. In writing (2) it was assumed that the exponential eld is
normalized in accordance with the short distance limiting form of the two-point function
h eia’(x) e−ia’(x0) i ! jx− x0j−2a
2
as jx− x0j ! 0 ; (3)
so that the eld eia’(x) has the dimension [mass ]2a
2
. The result (2) is expected to hold
in the domain
2 < 1 ; (4)
where the discrete symmetry ’ ! ’ + 2n−1 (n = 1;2:::) of (1) is spontaneously
broken (and the QFT is massive) and h:::i in (2) means the expectation value over one of
the ground states j0 i in which the eld ’(x) is localized near 0. The expectation value (2)





= h eia’(x) eia
0’(y) i (5)











Ga Ga0 as r!1
: (7)
A systematic technique for analysis of the short distance expansion of (5) is the Confor-
mal Perturbation Theory [3]. At the same time the most ecient way to study the large
1
r behavior is provided by the form-factor approach [4], [5], [6], [7], [8]. Up to now, the
whole form-factor sets (for general values of 2 from (4)) have been obtained for elds
’; ei
’
2 and ei’ only [4], [6]. In this this paper we present form-factors of the expo-
nential operators for arbitrary values of the parameters 0 < 2 < 1 and a 1.
The technique, providing an integral representation for form-factors in the sine-Gordon
model, was developed in [9]2. For the exponential operators it is suggested that the ma-
trix elements h 0 j eia’A2n(2n):::A1(1) j 0 i (where A2n(2n):::A1(1) j 0 i; k =  are
multi-soliton states) are given by the following bosonization procedure
h 0 j eia’A2n(2n):::A1(1) j 0 i = Ga hhZ2n(2n):::Z1(1) ii ; (8)
where
P2n















































and the averaging hh ::: ii should be performed by Wick’s theorem using the prescriptions
hh ei(2)ei(1) ii = G(1 − 2) ;
hh ei(2)ei































The functions and the constants here read explicitly
























































































1 The restriction on a is not completely clear at the moment.







In (9) we suggest that the integration contour C+(C−) goes from γ = −1 to γ = +1
and the pole γ =  + i2 (γ =  − i

2 ) lies below (above) the contour.

























With the formulas (12), (13) at hands it is easy to get the following simple expression





























which is in agreement with the results of [12], [13].
It is instructive to consider two-point form-factors more closely. From (8) we have the
integral representation
h 0 j eia’A(2)A(1) j 0 i = Ga F
a
(1 − 2) ; (15)
with









 Ia() + Ia(−2i − )

;













Here the argument of Ia(−2i−) means the corresponding analytical continuation of the











































Eq. (16) can be checked against the known form-factors [4], [6]. In particular, if a! 0





and F () coincides with the two-particle form-factor of the sine-Gordon eld ’. It can be
evaluated by the method discussed in the Appendix 4 of [9] with the result,










































Eqs. (19), (20), (21) agree with known expressions from [4], [6]. Notice that the functions
(16) admit simpler forms for any integer and half-integer values of a

. Under this condition,




























































for l = 2; 3; ::: and









For 0 < 2 < 12 the spectrum of the model (1) contains a number of soliton-antisoliton
bound states (\breathers") Bn, n = 1; 2; : : : ; < 1=. The lightest of these bound states
B1 coincides with the particle associated with the eld ’ in perturbative treatment of the









2 − 1 − i(1− )
























































Clearly B1 form-factors of the exponential eld admit the representation
h 0 j eia’B1(n):::B1(1) j 0 i = Ga hh(n):::(1) ii : (26)
The averaging hh ::: ii here is performed by Wick’s theorem and
hh ei!() ii = 1 ;
hh ei!(2)ei!(1) ii = R(1 − 2) ;
(27)
where the function R() for −2 +  < =m < − is given by the integral





































3 The soliton-antisoliton amplitude [15] contains a simple pole in the physical strip corre-





−i(1−) ;  − i(1− )! 0:
4 The operator () is closely related with a current of the "deformed Virasoro algebra" [16],
[17], [18].
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Using (26)-(30), one can easily derive the rst B1 form-factors of the exponential elds
h 0 j eia’B1() j 0 i = −iGa  [a] ;
h 0 j eia’B1(2)B1(1) j 0 i = −Ga 
2 [a]2 F (1 − 2) ;




F (k − j)
[a]2 +
x1x2x3
(x1 + x2)(x2 + x3)(x1 + x3)

;




F (k − j)
[a]2 +
(x1 + x2 + x3 + x4)
2x1x2x3x4 + (x1x2x3 + x1x2x4 + x1x3x4 + x2x3x4)
2




here xk = e
k (k = 1; 2; 3; 4) and [a] =
sin(a )
sin() : The B1 breather form-factors admit (for
xed a) a power series expansion in 2 with nite radius of convergence. Therefore it is
natural to assume that the form-factors of exponential elds in the sinh-Gordon model
can be obtained from the expression in (26) by the continuation  ! ib. A simple check
shows that the analytical continuation of (31) leads to the form-factors of the eld ea’ in
the sinh-Gordon model proposed in [19].
Finally, we note that form-factors of the heavier breather can be obtained from (26)
by the well known bootstrap procedure [15], [6], [8].
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